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Analysis of Vibrations of Clustered Boosters
G. LlANIS* AND L. L. FONTENOTf

General Dynamics/Astronautics, San Diego, Calif.

The dynamic behavior of single-tank boosters has been studied extensively in connection
with existing vehicles of comparatively small payloads. For future missions with larger pay-
loads and distances of interplanetary magnitude, more powerful boosters need to be de-
veloped. It is believed that, in view of such missions, clustered boosters will come into the pic-
ture. In this paper an analysis for a four-tank booster is presented. An idealized booster is
treated initially with uniformly distributed flexibility and mass. It is found that the torsional
mode becomes important here in contrast to the case of the single-tank configuration; a
strong coupling between the torsional and flexural modes of the tank occurs. For certain
frequencies, simple modes are singled out. In certain designs, the frequencies corresponding
to these modes might lie in the lower part of the spectrum. This leads to closed-form solu-
tions and totally or partially uncoupled modes, a conclusion of extreme importance to the con-
trol problem. For an actual booster, where the flexibilities and masses are not uniformly
distributed, a lumped-parameter technique is outlined briefly.
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Introduction

IN the dynamics of a single-tank booster, the mode of vibra-
tion which is considered primarily is simple bending. The

plane of vibration becomes immaterial because of the axial
symmetry of the booster. It has been found in actual boost-
ers that the torsional mode becomes unimportant, and that
the modes are uncoupled.

There is no axial symmetry in the case of clustered boosters;
therefore, the modes of vibration become more complicated.
Bending modes are likely to occur in several different planes
simultaneously while torsional modes are also occurring.
Certain symmetries are expected in actual configurations,
but instead of axial symmetry, one expects to find some
planes of symmetry to which one can refer the various modes.
For certain frequencies, it is possible to find uncoupled modes
or simple combinations of independent modes. These cases
are studied in this paper, since they are of practical impor-
tance.

In solving the problem, separate beam-type differential
equations are considered for each tank. Since any shell-type
mode of vibration is excluded, it is assumed that each cross
section of a tank has two components (x direction and y di-
rection) of rigid body translation and that each cross section
of the four tanks considered as a unit has two components
(x direction and y direction) of rigid-body translation. The
tanks are assumed to be pin-joined at the points A, B, (7, D,
A',B ,C-j and Df as shown in Fig. 1. They are free to vibrate
independently at all other points. It is obvious from the way
the tanks are joined that the axis of rotation is the central z
axis of the booster. The differential equations of motion
then are formulated in terms of these displacements (x and y
translations) considered as functions of z and the time t.
After separating the time, one arrives at a system of ordinary
differential equations. The characteristic determinant of
this system is studied, and the number of real and imaginary
roots is found. By applying the appropriate stress and dis-
placement boundary conditions, one finds that the unknown
constants of integration form a 40 X 40 determinant.

The characteristic determinant of this system is reduced to
a 30 X 30 determinant by a process of elimination which
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brings out some interesting symmetries of the system of
characteristic functions. Certain simple modes are dis-
covered by studying some obvious double roots of the final
determinant. To investigate the useful spectrum of fre-
quencies, it generally is necessary to obtain the roots of the
characteristic determinant by means of a digital computer.

The use of beam equations in this study needs some ex-
planation. The dynamic interaction between liquid motions
and elastic deformations of the wall of a single tank is an ex-
tremely complex problem. A full understanding of this be-
havior in single tank systems is necessary before applying the
theory to a clustered configuration. However, in the design
of single booster systems, beam theory has been quite suc-
cessful in adequately predicting the lower frequency bending
mode properties. This fact is understandable, since the
sloshing modes generally are not coupled strongly to the shell
modes because of their great frequency separation.

It is natural, therefore, to apply beam theory in the study
of clustered tanks and thereby consider the new features
in such a configuration.

1. Equations of Motion

1.1 Assumptions and Definitions

It is assumed here that the tanks are joined only at the
points A, B, C, D, A1', B', Cf, and D', as depicted in Fig. 1.
Because of this connection, the end sections of the whole
body have a rigid-body motion in the xy plane. Because the
xz and yz planes are planes of symmetry, any rigid-body ro-
tation of the whole booster will take place around the z axis.
Thus, the rigid-body motion of an end section is described by
three independent components, namely, translation in the
x direction, translation in the y direction, and rotation around
the z axis.

The z axis was chosen as the axis of rotation for each cross
section of any tank since this choice does not cause any addi-
tional rigid-body motion (for small displacements) and it
furnishes simple, kinematic boundary conditions. However,
the flexural rotation of the end section of each tank in the xz
and yz planes need not be equal because it was assumed that
the points A, B, (7, D, A1, B1', C', and D' are pin-joints. This
assumption eliminates the need for introducing additional
reaction bending moments transmitted through the points of
connection between the tanks, and it simplifies the static
boundary conditions. It is believed that this assumption is
not too restrictive for an actual design.
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Fig. 1 Geometry of booster and axes of reference

Three independent components of motion are now defined
for each cross section z of tank I :

Xi(z,t) = displacement in the x direction
yi(z,t) = displacement in the y direction
Qi(z,t) = rotation around the z axis

For convenience, the rotation is denned by the quantity

) (1)
where R equals the radius of each tank. For the other tanks,
the same letters are used for the displacements and the ap-
propriate subscript (I, II, III, or IV) in accordance with the
labeling shown in Fig. 1.

1.2 Use of Existing Theory

Using the engineering theory of bending and torsion of
beams, one can now write the following equations:

= w.
GC

where

i
El
GC

Wyi =

W<f>t

(2)

I, II, III, or IV
uniform flexural stiffness of each beam
uniform torsional stiffness of each beam
transverse loads per unit length in the x and y

directions
torque distributed per unit length

For a free vibration, these loads are inertial loads, i.e., propor-
tional to the accelerations.

By considering the various components of acceleration
(Fig. 2) for a mass element dm having coordinates £ and 77
with respect to the x and y axes, respectively, and by summing
up all the elementary inertial forces over the entire cross sec-
tion of each beam, one finds the loads Wxi, Wyi, and W<t>t per
unit length. If

W = weight of each tank per unit length (assumed
here as constant along the length)

Jpt, JPI = moment of inertia of the cross section of the
shell tank and the cross section of the liquid
mass, respectively

ytt 7z = specific weights of the tank and liquid, respec-
tively

then the torque load of tank I is
1

R R 2RW

W
(3)

It is easy to prove, by considering the geometry of the cross
sections of the tank and the liquid, that the first term in Eq.
(3) is equal to

where m equals the ratio of the weight of the shell tank to the
total weight of the shell plus liquid.

Using Eq. (4) and summing the inertial forces of the mass
elements over the entire cross section, one finds for tank I

w
7
W

(5)

R

for tank II

W

W
(6)

R
2(2)i

for tank III

WJ7 = _ —

W

(5 + m) W

(7)

R

for tank IV

Wylv = --

w a2

7^
w

(8)

R W- — R (2)1'2-i i - r i V —— Of9\l /2 V y

By substituting the inertial forces from Eqs. (5-8) into
Eqs. (2), one finds the elasto-kinetic equations of the booster.
By substituting the parameters

a = (W/gEI)l'z = (EI/GC) (9)

the elasto-kinetic equations take the following form: for
tank I

= 0 (10)

t For a clean internal design, the shell can rotate around the
liquid while the latter remains at rest. In this case, Jp i = 0 and
the factor (5 + m)/2 in Eq. (4) should be substituted by (2 + m).
It can be proved that Eq. (30) has one positive and two negative
real roots for this case. This adjustment, therefore, does not
invalidate the present solution.
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for tank II

^+a2

for tank III

= 0

= 0 (11)

for tank 111

bz4

b4ym
bz4 = 0

bz2

for tank IV

b2?/in

(12)

= 0

bz4

bz4

dz2

(13)

bi2
n= 0

2. Eigenfunctions of Vibrations

2.1 Method of Solution

The solution of the system of partial differential equations
(10-13) is obtained by the method of separation of variables.
For the function xi (z,t), for example, one can write

T(t) (14)

Substituting Eq. (14) into Eqs. (10-13), one finds

xi(z,t) = Xi(z) [K cosoot + L sinco^] (15)

etc., where co is the frequency of vibration. (In the separa-
tion of variables process, the characteristic function of each
displacement is denoted by the corresponding capital letter,
with a subscript denoting the label of the tank according to
Fig. 1.) The. characteristic functions (eigenf unctions), which
give the shape of the mode of vibration obtained from these
substitutions, are solutions of the following system of ordinary
differential equations: for tank I

dz*

dz2 '

for tank II

= 0

(16)

dz*

dz*

= 0

(17)

dz1 = 0

dz*

d*YIU
dz*

= 0

- a2co27m + a2co2$m = 0 (18)

= 0

for tank IV

dz* = 0

dz* - a2co2Fiv = 0 (19)

= 0

A study of the foregoing equations indicates that in each
tank the vibration in one direction (x or y) is uncoupled,
whereas the vibration in the other direction is coupled with
the torsional vibration. Since the equation of the uncoupled
vibration and the two equations of the coupled vibrations are
similar, apart from interchanges of the sign, the solutions for
all the tanks will be similar. For example, if one makes the
substitutions J£i —> YU, YI-> Xu, $i—>— <£n in the system
for the first tank, Eqs. (16), one finds a system similar to that
of Eqs. (17). Such similarities also exist for the other two
tanks.

2.2 Investigation of the Characteristic System

The characteristic system for each tank is similar to the
following system:

(20)

= 0 (21)

+ 2bR*aWg(z) = 0 (22)

Fig. 2 Acceleration components
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The first equation has the general solution

f(z) = AI cosh— z -\-
Ll

where

sinh— z + A3 cos— z
It Zt

i = R

sin— z
It

(23)

(24)

To find a solution of the coupled system, Eqs. (21) and
(22), one discovers that particular solutions of the form

g(z) = h(z) = (25)

where X is, in general, complex, and B and C are constants,
will satisfy this system if B and C are solutions of the linear
homogeneous system:

- a2o>2] B - a2co2C = 0
+ b[(5 + m)/2]E2a2co2} C = 0

This system has a nontrivial solution if the value of the deter-
minant of the coefficients of B and C is zero. In such a case,
one can solve Eqs. (26) only for the ratio B/G. The deter-
minant of Eqs. (26) is

= 0 (27)

By expanding this determinant, one obtains

where

.0 (28)

(29)

[Note from Eq. (24) that Xi = 4(P)1'2.] Therefore, the ex-
ponent X in Eqs. (25) can take the value of one of the six
roots of Eq. (28). A linear combination of six terms of the
form B^^z and C,e<x*/R>8, where t = 1, 2, ... 6, will be
the general solution of Eqs. (21) and (22).

2.3 Real and Imaginary Roots of the Characteristic
System

To exclude complex solutions, one needs to know which
roots of Eq. (28) are real and which are imaginary. There-
fore, it is expedient to investigate the roots of Eq. (28). Since
Eq. (28) is a function of X2, by substituting X2 = \l/, one ob-
tains

/ 3 L_ T\ i ' \ T> / 2 ID / ^

The form of the roots of a cubic equation

i/'3 + c^2 + rf^ ~\- e = Q

depends on sign of the quantity
I = g2 + V3

where

g = (c3/27) - i cd + | e

» = tf/3) - (c2/9)

2 = 0 (30)

(31)

(32)

(33)

(34)

If (f + vz > 0, the cubic, Eq. (31), has one real root and two
complex conjugates. If q2 + v* < 0, the equation has three

real roots. By comparing Eq. (30) with Eqs. (31-34), one
finds

!<» - m 2 )P (35)

Since m < 1, it follows that all the roots of Eq. (30) are real.
It is further necessary to know the sign of the roots of Eq.
(30). This is because X, = ± \V/2, where i = 1, 2, 3, and
one needs to know whether Xi is real or imaginary. To that
effect, Routh's rule is applied (see Ref. 4). For a cubic
polynomial

+ + + a3 = 0

one forms the following Routh's table:

a2

0

0

(36)

(37)

The number of positive roots of Eq. (36) is equal to the num-
ber of changes of sign in the left-hand column of the foregoing
table. Comparing Eqs. (36) and (37) with Eq. (30), one
forms the following Routh's table:

2
- 2&P2

- P

0

0

1 + m

(38)

One notices that the left-hand column changes sign once
Therefore, Eq. (30) has one positive root and two negative roots
for positive values of parameters P and b of the present problem.
Let the positive root of Eq. (30) be called ^2 and the two
negative roots ^3 and ^4. The six roots of Eq. (28) can be
written as ±X2, ±1X3, and ±1X4, where

X2 =
(39)

X4

2.4 General Solution

For any positive value of the parameters P and b (only posi-
tive values have physical meaning here), the general solutions
of system Eqs. (21) and (22) are

g(z) 5 cosh—- z +/t -=^ z +/t cos-=j- z +it

AS sin-=^ z + A9 cos-;j 2 + Ai0 sin^ 2 (40)
/L it It

= X2 ( A5 cosh-^ 2 + A6 sinh-^ 2 1 +

V ( A ^ , , • X3 \ ,£3^7cos-z + A8sin-2j +

#4 ( A9cos~ 2 + Alo sin-^ 2Jsm— 2 J (41)

where A5, A6, ... AIO are arbitrary constants, and
K< = [(X//P) - 1] (42)

where i = 2, 3, and 4. Applying Eqs. (23, 40, and 41) to
each individual tank in accordance to system Eqs. (16-19),
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one finds that the eigenf unctions are given by the following:
for tank I

i = Ai1 cosh— z + A2
T sinh— z +L *, ! ^J-2, KJXJ.J.J.J. j^

Ai , T • X*A3
J cos-^ 2 + AJ sm £ 2

it

= A5
: cosh— 2 + Ae1 sinh-z2; 2 + A7

Z cos— 2 +
/t £i rt

A8
: sin^ 2 + A9

r cos^ 2 + Aio1 sin-^ 2 (43)
/t K, £1

^2 2 + Af sinh|2 2 J + K3 (A? cos^3 2 +

\ / \3 . \4 \
} + A4 ( Ag1 cos— 2 + AIO

T sm— z\sin— z

for tank II

Xu = A5
n cosh-2- z + A6" sinh-2 z + A7" cos-;-3 2 +

£1 £1 £1

A8
U sin^ z + A9

U cos^4 0 + AIQ" sin-; zit it it

FII = Ai" cosh -̂1 2 + Af1 sinh^1 2 + A3
H cos^1 z +IL £i /t

J1 sin^ 2 (44)
**

6nsinh|,)-A5
: cosh^ z + A

£1

7* cos| z + A8i sin| z -

s- z + Aio1 sin-

for tank III

XIU = A!111 cosh-^ z + A2
UI sinh z +

rt rt

AS
IU cos— 2 + A4

m sin^ z
£1 H

YIU = z
£1

z T C O S
it H

z

sin^3 z + A9
nr cos^4 z + A10

IV sin^4 z (45)
rt it it

K3 ( A8"i cos| z + A sin^ z ) -
£1 }

Kt [ A9
ni cos— z + AH

IIJ

for tank IV

= A5
IV cosh2 z + A6iv sinh z + A7

IV cos z +
H rt rt

sin 3 z + A9
IV cos 4 z + A10

IV s in 4

-1 z + A2
IV sinh-1

rt it

A3
IV cos z + A4

IV sin 2 (46)
£1 £1

5^ cosh^2 2 + A6iv sinh^2 2)
£1 It /

f A7iv cos^ 2 + A8iv Sin|3 z\

9iv cos| z + A10
1V sin|

where Ai1 . . . AIO
IV are constants to be determined by the

boundary conditions.

3. Development of the Linear Homogeneous
System

3.1 Boundary Conditions

One observes from Eqs. (43-46) that there are ten unknown
constants of integration for each tank. Therefore, one has
40 unknowns and should seek 40 boundary conditions. These
conditions are:

1) The x displacement of both end-sections must be the
same for all tanks, i.e., Xi = Xu = Xui = Xiy for 2 = 0 and
z = I, where I = the length of the booster. This condition
provides six equations.

2) The y displacement of both end-sections must be the
same for all tanks, i.e., FI = FH = Fm = FIV for 2 = 0 and
2 = I. This condition furnishes six equations.

3) The twists of both end-sections must be the same for
all tanks, i.e., <£i = <i>ii = <£m = </>iv for 2 = 0 and z — I.
This condition furnishes six equations.

4) The total shear force in the x direction at each end must
be zero. One knows from the engineering theory of bending
that the shear force in a beam is proportional to the third
derivative of the transverse displacement with respect to the
axial coordinate. Therefore, this condition is satisfied if
IV
X) d3Xi/dz* = 0 for 2 = 0 and z — I. This condition

furnishes two equations. The total shear force in the y di-
IV

rection at each end also must be zero, i.e., ]T] d*Yt/dz* = 0

and z = Z. This condition furnishes two equations.
5) The total torque at both ends is zero. Since the

torque of a beam is proportional to the first derivative of the
IV

angle of twist, this condition leads to ]j^ d$t/dz = 0 for z = 0

and z = I, which furnishes two equations.
6) It is assumed here that each tank is simply supported

at both ends on the two adjacent tanks. The bending
moment in a certain direction is proportional to the second
derivative of the transverse displacement in the corresponding
direction with respect to the axial coordinates. This condi-
tion leads to the following 16 equations: d2Xi/dz2 = 0 for
2 = 0 and z = I, d2Y^/dz2 = 0 for z = 0 and z = I, where i =
I, II, III, and IV.

By counting the foregoing conditions, one observes that
there are exactly 40 equations for the 40 unknowns. Apply-
ing these conditions into the solutions given by Eqs. (43-46)
will result in a linear homogeneous system.

3.2 Mode Shapes

The system of Eqs. (48-79) will have a nontrivial solution
if the determinant of the coefficients of the unknowns is zero.
The elements of this determinant are functions of the pa-
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rameter P = #4a2co2. Therefore, the zeros of the determi-
nant corresponds to the natural frequencies.

One can reduce the size of the determinant by eliminating
some of the unknowns. This elimination process leads to
some interesting conclusions as to the shape of the modes.
Thus it can be shown that

Also

and

(Af -

(47)

+ (Af - A4
m) sin/n = 0 (48)

- A2
UI) sinh/ii - (A4

l - sin/*! = 0 (49)
where ̂  = (l/R}\.

Eqs. (48) and (49) have a nonzero solution for the terms in
the brackets if (sinh^i) (sinjui) = 0 or

= kir (50)

where k = 0, 1, 2, . . . . The value MI = 0 corresponds to
co = 0, which is of no interest. The values of co for k ^ 0
correspond to independent pure bending of each tank and will
be discussed later. To find other roots of the determinant,
one assumes /*i ^ kn. From Eqs. (48) and (49), it follows
that

It can also be shown that

and

= 0

= 0

(51)

(52)

(53)

(54)

From Eqs. (53) and (54), by excluding the eigenfrequency
MI = kir, one obtains

Eqs. (47, 51, 52, and 55) now are substituted for 10 equations
of the original 40 X 40 system. The 10 unknowns, AJ-,
AIUI, A3

m, A3
n, AIIV, A3

IV, -A2
m, A2

IV, A4
in, and A4

IV, can
be determined in terms of Ai1, Ai11, A£, Az11, A*1, and A4

U.
Therefore, in the original system, only the linearly independ-
ent equations are retained after the foregoing substitution is
made. By this process, the original system has been re-
duced to one of 30 equations with 30 unknowns. In addition
to reducing the size of the characteristic determinant, from
which the eigenfrequencies are calculated, this elimination
has revealed the important conclusion that the following
modes are equal:

(56)

Applying the foregoing substitution into Eqs. (43-46), the
modes assume the following form: for tank I

Xi(z) = Ai1 ( cosh-^ z + cos-^ z \ +

YI(Z) = A5
l cosh— z + A&1 sinh-:r z

£1 £1

sinh— x z
Ll £1

cos— z +
Ll

sin-; z + A9
l cos^ z + A^1 sin^ z (57)

K K K

( A * i> -i- A i • v> "\ jI A&1 cosh— z + A6
r sum— z I H

\ Ll Ll f

( \ \ \
A T ^3 1 A T ' ** \A^ cos— z + As1 sm— z 1

It H J

L9
r cos^ z + Aw1 sin-^ ,

Ll Ll

For tank II

Xu(z) = A6
U cosh z + Af1 s inh 2 z + A^ cos z +

Ll

sin— z + Ag11 cos— z + Aw11 sin—
LI LI K

II(Z) = Ai11 ( cosh-r| z + cos-^ z j +

42
n sinh^ z + A*™ sin^ z (58)

£1 £1

u(z) = - K2 (A5
U cosh^-2 z + A,11 sinlA2 z } -

\ £1 Ll /

K3 AF cos| z

i (AQU cos^ z + AIQ
U sin-^ z J

For tank III

YIU(z) '=
It

z +
£1

z
/t

s z
JLl

s 2 + A10
m sin z (59)

£1 Ll

= - #2 f __ ,

11 cos z + As™ sin

For tank IV

z
Ll

in|j A -

i\A9™ cos^4 z + A10
m sin^ z\

z + A7
IV cos z

Ll Ll

(60)

2
K

s z

sinh^ 2 )
K /

s z + sin^ z\

By taking the linearly independent equations of the orig-
inal system after the reduction, one forms a 30 X 30 deter-
minant A of the coefficients of the unknowns, which for non-
trivial solution must be zero. The determinant is a compli-
cated function of P = R4a2u2. It should be recalled that
parameters Ki} \i} and pi} where i = 1, 2, 3, and 4, are func-
tions of P and therefore are functions of co. These param-
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eters are given by Eq. (24), the roots of Eq. (30), and Eqs.
(39, 42, and 47). Thus the frequency equation is

A = 0 (61)
The roots of Eq. (61), i.e., the eigenfrequencies, cannot be
expressed in closed form. However, by plotting the value of
A vs P, the eigenfrequencies can be found corresponding to
the zeros of A. All the functions entering into the determi-
nant are transcendental or trigonometric functions of the
roots of Eq. (28). To find the dependence of these roots on
P = #4a2co2, Eq. (28) has been solved by using an IBM
computer for different values of P between 0 and 0.12. This
covers the spectrum of frequencies with which this paper is
concerned.

Equation (28) has two more parameters, m and b. For
the present purpose, m was taken as corresponding to an
Atlas booster completely filled with liquid fuel, i.e., m —
0.0667. Since its value is small, small deviations are not ex-
pected to affect the solution. The influence of the parameter
b is more interesting. According to Eq. (9), b is the ratio of
the bending to the torsional stiffness of each tank. If the
material of the tank is isotropic, b = (1 + v), where v is
Poisson's ratio. For a nonisotropic tank, however, this ratio
can be found experimentally. To cover the whole range of
the expected values of 6, the roots of Eq. (28) were found for
the foregoing range of P and for b = 1.0, 1.1, 1.2, 1.3, 1.4,
and 1.5. Such values of the three roots X2, X3, and X4 are
plotted in Figs. 3-8, whereas the root Xi is given in closed
form by Eq. (24). For reasons that will be explained below,
the curve X3 has been replotted in Fig. 9 on a larger scale for
b = 1.3. It has been found that such curves, for values of b
ranging from b = 1.0 to b = 1.5. almost coincide. These
curves are very useful for graphically finding certain inter-
esting simple modes.

3.3 Obvious Roots of the Determinant

An examination of the characteristic determinant, Eq.
(61), shows the following interesting roots without solving the
corresponding equations:

= kir X3 = (R/l)kir (62)

where k = 1, 2, 3, . . . . By adding column .̂8n to column
A^ (such an addition does not change the value of the de-
terminant) and column ASIV to column ^L8

m, column As1 be-
comes equal to column A8

in. Therefore, for MS = kir, the
determinant is zero, i.e., the value of P corresponding to X3 =
(R/Dkir is a root of the determinant (Figs. 5-9). If one also
adds column AJ to column .A8

n and column ^4.8m to column
A8

IV, columns As
u and ^4.8IV become identical. Therefore,

the value of P which corresponds to X3 = (R/l)kir is a double
root of the characteristic determinant.

The corresponding modes can be found as follows. The
homogeneous equations corresponding to all the rows of the
characteristic determinant, except rows 19 and 20, form a
28 X 28 system if one introduces the sums As1 + A8

UI and
^48

n + A8
IV as unknowns. This is possible, since the coef-

ficients of Af are equal to those of Afn and the coefficients
of ^L8

n are equal to those of ^8
IV. Since the resulting 28 X

28 system has, in general, a nonzero determinant, the only
solution is the zero solution. Thus

= Afl = A?11 = = 0 t ^ 0

and
Af + A8

As11 + A8

Equation (64) can be written as

= 0

= 0

= ft

(63)

(64)

(65)

Substituting Eqs. (63) and (65) into Eqs. (19) and (20),
respectively, of the original system, one obtains

(66)

(67)

From Eqs. (66) and (68) it is obvious that ft = ft = C, say,
where C equals some arbitrary amplitude. Thus, the modes
corresponding to MS = kir are [refer to Eqs. (57-60) ]

Xi = 0

Xu = C sin—p

Xui = 0

Xiv — — C sin—r—
i

„ . kirz= Csm-—

Fir = 0

. kirz= — C sin-y-
i

= 0

(68)

= K,C sin^p

= — KSC sin—

sin

'sin =
L

where Ks = (X3
4/P) — 1 is evaluated for X3 = (R/l)kir and

for P corresponding to the values of X3 as depicted in the X3
curve of Figs. 3-9. By similar reasoning, one can prove that
P corresponding to

X4 = (69)

where k = 1, 2, . . . , is another double root of the characteristic
determinant.

The corresponding modes are

= 0

^ . kirz
= D sin—

. kirz

Xui = 0

= — D sin—

= 0

T/ ^ • irFin = - D sin——

= 0 (70)

sn

smkirz

<f>iv = — sinkirzr—
L

where D equals an undetermined amplitude, and K4 =
(.\44/P) — 1 is evaluated for X4 = (R/l)kir and for P corre-
sponding to the value of X4 depicted in Figs. 3-8. The
values of P corresponding to the three roots of Eq. (30) have
been plotted in Figs. 3-8 for various values of b. Since the
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0.005

Fig. 9 Xs'vs'P, b = 1.3

value of MS = TT cannot be determined accurately from these
curves, the X3 curve for b = 1.3 has been plotted in Fig. 9
using a larger scale. This part of the curve does not change
appreciably for varying b. In Figs. 3-9 the first eigenfre-
quencies are also shown, i.e., the value of P corresponding to
ju3 or /A* = k-rr for k = 1, 2, and 3, and for R/l = 14 (typical
of the Atlas). It is worth noting that the value of P corre-
sponding to us = 3w lies very near that value of P corre-
sponding to M4 = TT. This might present some problems in
the design of the control systems. For comparison, the
eigenfrequency corresponding to AH = 2ir is shown in Figs.
3-8 [refer to Eq. (44)], and the eigenfrequency corresponding
to /*! = TT is shown in Fig. 9. The latter lies very near the
eigenfrequency corresponding to X3 = IT.

4. Matrix Analysis

A matrix analysis for the problem of nonuniform tanks
partially filled with liquid has been developed by the au-
thors.1 In each tank, one lumps the masses of different seg-
ments at their middle points and assumes that the flexibility
varies linearly between nodal points. The sloshing effect is
also represented by an equivalent mass-spring system.2 In
order to find the flexibility of the system in relative coordi-
nates, one has to fix the section of one end of tanks I and III
against flexural rotation around the x axis, tanks II and III
against flexural rotation around the y axis, and all four sec-
tions against torsional rotation around the z axis. However,
the formulation of flexibility with this picture of end fixity

becomes very complicated. To simplify the problem, one
first formulates the flexibility of the system by fixing com-
pletely the one end section. By using the flexibility of the
unassembled structure,2 one can find the flexibility of the as-
sembled structure.3 This flexibility then is modified by re-
laxing the extra constraints, and the true flexibility in relative
coordinates thus is found. The separation of the rigid-body
displacements then is carried out. This is obviously neces-
sary, since the inertial forces are expressed in absolute dis-
placements through the masses, whereas the elastic forces are
expressed in relative displacements through the flexibility.
This separation is obtained by writing the Lagrange equa-
tions of motion in terms of the relative displacements by trans-
forming the mass matrix accordingly. Thus a characteristic
equation is obtained in determinant form from which the
eigenfrequencies can be obtained numerically. The modes
of vibration thus obtained indicate that, in general, both
flexural and torsional modes are excited at the same time.

Conclusion

An analysis of the vibrations of a cluster of four uniform
tanks filled with liquid fuel has been presented. The problem
of eigenfrequencies has been reduced to finding the roots of a
30 X 30 determinant. Certain obvious roots, corresponding
to simple modes, have been found by inspecting the charac-
teristic determinant. To find other frequencies, a solution
of a 30 X 30 determinant, having transcendental and trigono-
metric functions of the frequency, generally has to be found
by means of a digital computer.

A lumped-parameter matrix approach to the problem has
been outlined briefly. A detailed account of this procedure
may be found in Ref. 1.

It is believed that the present analysis will find a useful
application in the design of control systems for clustered
boosters. The simultaneous presence of both bending and
torsional modes, the closeness of certain natural frequencies
and the double roots of the characteristic determinant, as
contrasted to single-tank boosters, provide additional prob-
lems for the control designer.
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